Nonlinear wavefront control is a crucial requirement in realizing nonlinear optical applications with metasurfaces. Numerous aspects of nonlinear frequency conversion and wavefront control have been demonstrated for plasmonic metasurfaces. However, several disadvantages limit their applicability in nonlinear nanophotonics, including high dissipative loss and low optical damage threshold. In contrast, it has been shown that metasurfaces made of high-index dielectrics can provide strong nonlinear responses. Regardless of the recent progress in nonlinear optical processes using alldielectric nanostructures and metasurfaces, much less advancement has been made in realizing a full wavefront control directly with the generation process. Here, we demonstrate the nonlinear wavefront control for the third-harmonic generation with a silicon metasurface. We use a Pancharatnam-Berry phase approach to encode phase gradients and holographic images on nanostructured silicon metasurfaces. We experimentally demonstrate the polarization-dependent wavefront control and the reconstruction of an encoded hologram at the third-harmonic wavelength with high fidelity. Further, we show that holographic multiplexing is possible by utilizing the polarization states of the third harmonic generation. Our approach eases design and fabrication processes and paves the way to an easy to use toolbox for nonlinear optical wavefront control with all-dielectric metasurfaces.
Introduction
Metasurfaces enable the potential of efficient generation of new frequencies and simultaneous wavefront control of the generated light. Unfettered from the cumbersome phase-matching limitations and featuring a unique control over nonlinear fields, plasmonic metasurfaces have been extensively used to control nonlinear optical processes at the nanoscale, such as harmonic generation [1] [2] [3] , wave mixing 4 , nonlinear imaging 5 , nonlinear beam shaping 6, 7 , and holography 8 , during the past decade 1, 9 . Plasmonic metasurfaces, which are mostly made of metallic elements, allow a large degree of control of the optical nonlinearity by engineering subwavelength meta-atoms with precise polarization control and strong local field enhancement. However, high dissipative losses and a low optical damage threshold severely restrict the obtainable nonlinear conversion efficiency of nonlinear optical processes. Recently, high refractive index all-dielectric metasurfaces have emerged as a new class of ultrathin components for nonlinear optical applications. They can overcome the aforementioned limitations by having lower dissipative losses, the ability to withstand much higher pump field intensities, and even can show larger nonlinear coefficients. It has been shown that all-dielectric resonators and metasurfaces can efficiently confine light into subwavelength volumes 10, 11 and support even stronger nonlinear optical responses enabled by strong resonances along with inherent high material nonlinearities [12] [13] [14] [15] [16] [17] [18] . In this context, all-dielectric nanophotonics has been used to demonstrate many interesting phenomena like efficient optical frequency conversion and mixing, vector beam generation, and shaping the radiation pattern by exploiting Kerker condition or using different crystallographic axis [18] [19] [20] [21] [22] .
Regardless of the large progress in nonlinear optics with plasmonic metasurfaces and nanostructures 1, 23 much less advancement has been made in wavefront shaping by nonlinear all-dielectric metasurfaces. In contrast to plasmonic nano-antennas, dielectric nano-resonators possess larger volumes which lead to longer propagation lengths through the structures as well as higher packing densities which increase coupling effects. Therefore, phase matching effects and crosstalk between the localized modes in the structures become nonnegligible. Furthermore, the field in each nano-resonator is a superposition of various resonances with different far-field radiation patterns. Therefore, controlling the phases and the direction of the generated light, required for the nonlinear wavefront control, become a complex problem, since the interaction with the neighboring nano-resonators has to be taken into account. Very recently, Wang et al. and Gao et. al . demonstrated the wavefront control of the thirdharmonic light generated from all-dielectric silicon metasurfaces 24, 25 . Their approach relies on the generalized Huygens' principle in nonlinear optics. Utilizing the resonant behavior of a single silicon nano-post, they have been able to design a set of individual structures that result in different phase delays for the locally generated third harmonic signal. However, to smoothly cover the full phase range of 0 to 2π, a large set of structures has to be designed. Such a design is a computationally heavy task since a single nano-post possesses several geometric degrees of freedom and the optical properties for the nonlinear process need to be matched with the desired phase and amplitude. Therefore, the demonstrated method of nonlinear phase control depends sensitively on the precise geometry and refractive index of the nanostructures, which also makes the fabrication challenging and the optical properties susceptible to fabrication tolerances.
In contrast to the nonlinear phase control by the Huygens' principle, the concept of a geometric phase metasurface, also known as Pancharatnam-Berry (PB) phase metasurface, can achieve a continuous phase change by using the degree of rotation of an optimized design of a nano-post, which can in many ways simplify both the design and fabrication processes of the desired metasurface 9 . The working principle of a nonlinear PB-phase metasurface has already been shown in several plasmonic systems associated with applications like nonlinear optical holography 8 or beam profile manipulation 5, 26 . The geometric phase approach to control the phase of the generated second harmonic generation (SHG) light from an all-dielectric silicon metasurface was revealed by Bar-David et al. 27 The SHG signal was mostly generated from the surface of the nano-resonators and, hence, does not utilize the field enhancement inside the nano-resonator's volume. In addition, silicon has an inversion symmetry and does not support SHG within the dipole approximation from the bulk material. Therefore, the question appears if a nonlinear all-dielectric PB-phase metasurface that utilizes the large third-order nonlinear coefficients of silicon and the local field enhancement inside the nano-resonator is feasible, but circumventing the contrary effects from phase matching and crosstalk. In this work, we demonstrate the phase-controlled generation of third-harmonic light from an all-dielectric amorphous silicon metasurface made of nanofins with a twofold rotational (C2) symmetry. Similar to plasmonic metasurfaces, we show that by using different orientation angles of the silicon nanofins it is feasible to encode a defined spatial phase gradient into the generated third-harmonic light despite the larger structure thickness and the appearing phase matching issues. We further extend the principle to demonstrate a nonlinear holographic metasurface, showing the reconstruction of holographic images by the third harmonic generation (THG) signal. Our approach to utilize the PB-phase effect for circularly polarized light together with the bulk nonlinearity allows simplification in the design of the metasurfaces and provides higher tolerances for the fabrication.
Design of the metasurface
In the nonlinear regime, the PB-phase approach connects the rotation angle of a single nano-resonator to the phase shift at the generated harmonic light under coherent circularly polarized illumination. From the plasmonic counterpart, it is known that a rotation angle of a plasmonic antenna can induce an abrupt phase shift θ in the n-th harmonic signal 28 . The general relationship between θ, n, and is given by θ = ( ± 1) . According to this relation, a phase shift can be introduced at the co-or cross-circularly polarised generated light (identified by the ± sign, respectively) compared to that of the fundamental wave. In the case of THG ( = 3) and a nanofin with C2 rotational symmetry, we expect the phase factors θ = 2 and θ = 4 in the co-and cross-polarized states, depending on the rotation angle, respectively. Figure 1a summarizes the principle of the phase shift of the generated light with antenna's rotation. Third harmonic light with both left and right circular polarizations (LCP, RCP) is generated when a right circularly polarized (RCP) light beam is incident on a single resonator. However, the co-polarization (RCP-RCP) carries different phase information than the cross-polarization (RCP-LCP).
On the basis of the aforementioned discussion, we designed and fabricated an amorphous silicon metasurface, made of nanofins with C2 symmetry, to be operated at the fundamental wavelength 1240 nm. We encoded a phase gradient of 0 to 2 within an array of length 4.6 µm in the co-polarization state whereas, a phase gradient of 0 to 4 was encoded in the cross-polarization state, compared to the fundamental wave. The induced phase shifts for the different combinations of the input and output polarizations lead to differently polarised diffraction spots at different angles; 5.15° (2 , co-polarization) and 10.30° (4 , cross-polarization) for the TH wavelength, schematically shown in Figure 1b . As a reference, we also fabricated a metasurface without a phase grating, where every antenna has the same orientation and, therefore, the THG constructively interferes at an angle of 0° for both polarization combinations. (for details see Supplementary Material). in co-and cross-polarization states, respectively. b) Schematic of the working principle of a geometric-phase silicon metasurface. A fundamental beam of right circularly polarised (RCP) light is incident onto the metasurface. The nanostructures within the metasurface can generate a third harmonic light. Further, they are arranged onto the surface to encode a phase gradient of 0 to 2 (0 to 4 ) at the RCP (LCP) generated third harmonic light. c) Scanning electron microscopy image of a part of the fabricated Si metasurface.
The fabricated metasurface with the phase gradient consists of identical Si nanofins, with a size of 400x200x650 nm 3 (LxWxH) on top of an ITO coated glass substrate. The nanofins were arranged in a 100x100 µm² square array with a period of 575 nm whereas the spatial orientation of each nanofin varies (Figure 1c ). More fabrication details can be found in the Supplementary Material. Furthermore, we designed and fabricated two additional samples that have encoded the phase distribution of a computer-generated hologram (CGHs), namely the letter "X" and phase distribution of a multiplexed hologram. The use of the PB-phase provides two distinct nonlinear phases in the THG signal for the two generated polarization states. Hence, it allows encoding two different images into a single metasurface. For our demonstration, we use the schematic image of a 'sun' and a 'cloud', which can be read out by switching between co-and cross-polarization states. Multiplexed holography exploits the property of our nanofin design, that co-and crosspolarization states are orthogonal and carry different phase information. Details about the holographic multiplexing can be found in the Supplementary Material.
The holographic metasurfaces use the same nanofin geometry as for the phase gradient but the spatial rotation of each nanofin is now determined by the phase distribution of the CGH. The phase distributions were calculated using a modified Gerchberg-Saxton algorithm (for details see the Supplementary Material). To simplify the measurements, the holograms were designed to reconstruct in the in Fourier space. This allows us to unify the measurement setup for the THG phase gradient metasurface and the THG holographic metasurfaces.
Experimental results
For the experimental investigation of the nonlinear properties of our samples, we used the experimental set-up schematically drawn in Figure 2a . The sample was illuminated by a slightly focused circularly polarised laser beam at wavelengths between 1200 nm and 1350 nm (fundamental wavelength). As a laser source, we used an optical parametric oscillator (OPO) with a typical pulse length of 200 fs and a repetition rate of 80 MHz synchronously pumped by a TiSa femtosecond laser. The THG signal of the metasurface was collected by an infinity-corrected microscope objective lens with NA=0.6. By imaging the back focal plane of the microscope objective onto a CMOS camera and filtering the polarization state of the THG light, we measured the diffraction angle of the frequency-converted light. The diffraction angle diff of the THG signal at the camera location is given by:
whereas Δ is the lateral distance between the centre of the observable Fourier space and the observed diffraction spots. Obj (here Obj = 4.75 mm) is the working distance between the sample and the objective lens. Since both lenses behind the objective lens have the same focal length no additional magnification correction for the imaging system has to be applied. Note that a short pass filter has been used in the detection beam path to suppress the fundamental beam. Figure 2b and Figure 2c display the THG measurement results for the different co-and cross-polarization states from the metasurfaces with and without phase gradient at a wavelength of 1240 nm, respectively. For the sample with the designed phase gradient in the THG signal (Figure 2b ), we observe diffraction spots at angles of (5.36  0.01)° for the co-polarization states. This value is close to the designed diffraction angles of 5.01°. In the cross-polarization states, the diffraction spots appear at (10.10  0.01)°, which is again close to the designed angle 10.3°. The different diffraction angles for the co-and cross-polarized THG signal is a consequence of the different accumulated PB-phase at the metasurface. Furthermore, we observe that the diffraction spots for the co-polarization states of the THG signals are approximately 3 times brighter than in the cross-polarization state. In contrast, a metasurface without phase gradient (Figure 2c ), where all nanofins have an identical orientation, provides no additional diffraction orders except the zerothorder THG signal. Here, the THG signal from all antennas radiate with the same geometric phase and interfere constructively at an angle of 0°.
Figures 3a-c show the obtained results from wavelength-dependent measurements of the THG signal strength from the metasurface samples with phase gradient (rotated nanofins), without phase gradient (all nanofins have the same orientation) and for an unstructured silicon film of the same thickness as the nanofins (650 nm) for the co-and cross-polarization states of the THG signal. For analyzing the wavelength dependence in more detail, we plot the THG intensity of the phase-gradient metasurface sample for each diffraction spot (Figure 3a) . If the tailored phase in the THG signal arises from the PB-phase, the observed diffraction of the beam should be observable over a broad wavelength range. Therefore, we analyzed the diffraction spots for a wavelength range between 1200 nm and 1350 nm for the fundamental wavelength. Due to the wavelength change the diffraction angle changes from 5.02° to 5.63° (co-pol.) and 9.97° to 11.11° (cross-pol.) from 1200 nm to 1350 nm, respectively (see Supplementary Material). For simplicity, the plot in Figure 3a shows the integrated THG intensities for the corresponding diffraction angle. We observe that the THG intensity of the co-polarization signal stays at a nearly constant level independent on the used fundamental wavelength. The cross-polarization THG intensity is always lower and reaches a local minimum at around 1275 nm. Similar results are obtained for a metasurface without the phase-gradient for the THG light (Figure 3b ). Note that for this metasurface the integrated THG intensity was always obtained from the zeroth-order spot.
Further, we observe that compared to a 650-nm-thick amorphous silicon film, the THG signal of the metasurface is enhanced by a factor of ~40 (Figure 3c ) for the copolarization state. The silicon film itself shows a negligible amount of THG in the copolarization state, which is close to our detection limit. Note, that the low THG signal from the silicon film is anticipated as amorphous silicon is an isotropic medium. In a perfect isotropic medium, the THG under circularly polarized excitation is forbidden due to the dipole selection rules. 29, 30 This leads to the conclusion that the observed THG signal is entirely due to the nanostructured amorphous silicon nanofins since they break the isotropy of the film. In this context, it is worthy to mention that the bare ITOcoated glass substrate, which is used as a substrate for the silicon metasurface, has also a negligible nonlinear conversion efficiency for the same reason (Figure 3c ).
The results for the phase-gradient metasurface demonstrate that the spatial phase of the THG can be tailored by the spatial orientation of identical nanofins. Next, we use the same concept to encode more complex spatial phase profile into the metasurface. Here, we use the silicon metasurface as nonlinear holograms for the letter 'X' and for a multiplexed hologram for the schematic image of a sun and a cloud. For the measurement of the holographic image generation, we used the identical setup as depicted in Figure 2a . Here, only the zeroth-order is analyzed since every nanofin has the same rotation and therefore, has the same phase. c) THG intensities of a 650-nm-thick amorphous silicon film and an ITO-coated glass substrate without silicon. The silicon film shows only a weak THG in the co-polarization states and a negligible signal in the cross-polarization. In comparison, the ITO-coated glass substrate shows a negligible THG signal in both polarization states.
The obtained results for the holograms at the THG wavelength are shown in Figure 4 . The 'X'-hologram in Figure 4a is designed to be reconstructed in the co-polarization state within an angular range of ±20°. The cross-polarization states are not supposed to carry image information and therefore show no pattern in the Fourier space. Whereas in the case of the multiplexed hologram ( Figure 4c ) the holographic images reconstruct in both, co-and cross-polarization. Depending on the polarization combination, different pictures are reconstructed in the co-polarization (the sun) and in the cross-polarization (the cloud). The reconstructed holographic images are clearly observed in the Fourier space of the captured THG signal of the metasurface. The THG spot in the center of the images in Figure 4a arises from the residual THG signal that is not carrying the PB-phase. The measured holographic images exhibit some minor speckle pattern, which is typical for phase-only holograms. In addition, the imperfections and variations in the nanofins sizes from the sample fabrication and the illumination conditions can further enhance this effect. Note that by inverting the polarization state of the fundamental illumination the hologram will generate the conjugated image due to the change of the sign of in the phase factor of the THG signal. 
Discussion
The measurement results of the THG signals from the phase-gradient metasurface (Figure 2 ) demonstrate that a geometric phase (PB-phase) can be added during the nonlinear frequency conversion in dielectric nanofin structures. We encoded a linear phase gradient for the THG signal onto a nanostructured amorphous silicon metasurface in such a way that rotation of a single silicon nanofin induces a phase change of θ co = 2 (co-pol.) and θ cross = 4 (cross-pol.) in the THG signal, respectively, when the metasurface is illuminated with circularly polarized light. The encoded phase gradient leads to different nonlinear diffraction spots that appeared at the designed different angles. Since all nanofins have the same size and shape the phase in the nonlinear signal is controlled solely by the orientation (in plane rotation) of the nanofins. The Si metasurface shows negligible zeroth-order diffraction of the THG signal, which gives a high suppression of undesired THG signals that do not carry the desired phase information. Furthermore, our experiments demonstrate that two distinct phases appear in the co-and cross-polarized THG signals. Additionally, the phase information can be retrieved over a broad wavelength range with similar intensity. As shown in the Supplementary Material, the nanofins have a broad resonance in the range from 1200 nm to 1350 nm. However, the nonlinear response of the nanofins is featureless in the same range. These findings agree with the concept that the PB-phase depends on the rotation of the nanofins and only to a lesser extent on the resonance condition. This is different from previously published results on THG of Si nanopost metasurfaces. Here, only one phase factor was obtained by engineering the resonance and the working wavelength has to be fixed in advance. 25, 24 The comparison of the Si metasurface with an unstructured Si film shows that the patterning of the silicon leads to a new nonlinear behavior of the material. In an ideal isotropic film, THG for circularly polarized light is not possible within the dipole approximation and therefore no co-and cross-polarization THG signal should appear 29 . Nevertheless, the nanofins show THG in both the co-and cross-polarization states, which is a distinct behavior compared to the unstructured silicon thin film. Our findings are in agreement with previous works, stating that nanofins with C2 rotational symmetry generate third harmonic light in the co-and cross-polarization states 30, 28, 2 . The C2 rotational symmetry fulfills the THG selection rules for circularly polarized light, which explains why the THG is enhanced compared to the thin film. However, the measurements of the THG at the thin film show a weak THG in the co-polarization (Figure 3c ) as we used hydrogenated amorphous silicon. Such plasma-enhanced chemical vapor (PECVD) deposited silicon results in defects in the film, which locally break the isotropy, leading to a weak nonzero THG.
To demonstrate that the PB-phase in dielectric metasurfaces can be utilized to tailor the phase of the THG, we encoded more complex phase pattern, resampling phaseonly holograms, onto the metasurface (Figure 4) . The holographic images can be reconstructed with high fidelity since the PB-phase approach allows for a continuous phase change in the full 0 to 2 range while keeping the THG amplitude unchanged. The measured holograms show only a weak zeroth-order THG spot in the centre of the image, which confirms the results obtained by the gradient-phase metasurface (Figure 2a ) that nearly the entire THG signal carries the desired phase information. However, since the period of the nanofins is not subwavelength, the hologram appears at higher diffraction orders, again (for more details see Supplementary Material). Furthermore, the nonlinear hologram allows for polarization multiplexing as the two polarization states of the THG signal carry different phases. Hence, dynamically switching (either on/off or between two images) is possible by changing the observed polarization from co-to cross-polarization or vice versa. Similar multiplexing schemes have been already demonstrated for plasmonic metasurfaces 8 .
Despite the relatively high packing density of the nanofins, which can result in strong crosstalk between the structures and the thickness of the nanofins exceeding the wavelength of the THG, which leads to phase matching issues. The experimental observations clearly demonstrate the possibility to tailor the nonlinear phase with identical dielectric nanostructures. Such tailoring is in analogy to the previously demonstrated nonlinear phase manipulation using the PB-phase with plasmonic nanostructures that show stronger field localization (less crosstalk) and smaller thicknesses of <50 nm (relaxing the phase-matching issue). However, the different electromagnetic modes inside the Si nanofins (which act as dielectric resonator) have different radiation patterns and field distributions, which not only complicates the phase control of the THG but also alters the conversion efficiency. 24, 11, 21, 10 Therefore, the utilization of a geometric phase effect demonstrated here, can help to simplify the design of nonlinear dielectric metasurfaces.
Summary
With our work, we experimentally demonstrate that a nonlinear phase manipulation by using the Pancharatnam-Berry phase concept in all-dielectric metasurfaces made of silicon nanofins is feasible. We encode phase information into the THG of a single silicon nano-resonator utilizing the rotation orientation and circularly polarized light. By building arrays of resonators, we demonstrate anomalous diffraction and complex beam shaping, like holograms, for the TH signals. The PB-phase approach for the nonlinear material polarization leads to a simplified design and eases the fabrication tolerances. Further, the high damage thresholds for dielectric metasurfaces make the design a suitable platform for complex beam shaping with nonlinear optical elements. For example, since both THG polarization states carry different phases and are orthogonal, the design can be used for nonlinear multiplexed holograms. Further applications include highly efficient nonlinear vector beam and orbital angular momentum generation, and nonlinear imaging.
combinations, reappearance of the hologram at higher diffraction orders, and transmission spectra and field plots of the nano-resonator design.
